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Abstract In this paper, we presented a modified SQP-filter method based on the modified
quadratic subproblem proposed by Zhou (J. Global Optim. 11, 193-2005, 1997). In contrast
with the SQP methods, each iteration this algorithm only needs to solve one quadratic pro-
gramming subproblems and it is always feasible. Moreover, it has no demand on the initial
point. With the filter technique, the algorithm shows good numerical results. Under some
conditions, the globally and superlinearly convergent properties are given.
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1 Introduction

In this paper, we consider the following nonlinear inequality constrained optimization prob-
lem:

(P) min f(x)
st. gj(x) <0, jel={1,2,---,m} ey

wherex € R", f : R" — Rand g;(j € I) : R" — R are assumed to be twice continuously
differentiable.

There are many practical methods for solving problem (P). For example, trust region
methods, gradient projection approaches, QP-free methods [16] and so on [4]. Among these
methods, as we all know, the sequential quadratic programming(SQP) method is one of the
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most efficient methods to solve problem (P). Because its superlinear convergence rate, it has
been widely studied [1,2,5,9,11,12,15].

The SQP method generates a sequence {x;} converging to the desired solution by solving
the following quadratic programming subproblem

1
min V f (xx)7d + EdTHkal

st. gj() +VeginTd<0, jel={1,2--,m) 2)

where Hy € R"*" is a symmetric positive definite matrix.

The SQP algorithms have two serious shortcomings. First, in order to obtain a search
direction, one must solve one or more quadratic programming subproblems per iteration,
and the computation amount of this type is very large. Second, the SQP algorithms require
that the related quadratic programming subproblems to be solvable per iteration, but it is
difficult to be satisfied. Moreover, the solutions of the sequential quadratic subproblem may
be unbounded, which leads to the sequence generated by the method is divergence.

Based on the above reasons, Burke and Han [3], Zhou [14], and Zhang and Zhang [13]
modified the quadratic subproblem respectively to ensure that their methods are globally
convergent. However, Burke and Han’s method is only a conceptual method and can not
be implementable practically. Zhou’s method is based on the exact linear search. Zhang’s
method focus on the inexact line search, but there is much difficult to choose the penalty
parameter in penalty function, which is used as a merit function. For this case, we adopt the
filter technique, which is proposed by Fletcher and Leyffer [6] in 2002. After that, Fletcher et
al. [7,8] combined this method with SQP, then get the global convergence. Without penalty
function, filter methods have several advantages over penalty function methods. A penalty
parameter estimate, which could be problematic to obtain, is not required.

Our idea is to combine the subproblem proposed in [14] and filter technique. The algorithm
proposed in this paper has the following merits: it requires to solve only one QP subproblem
with only a subset of the constraints which are estimate as active, the initial point is arbi-
trary, the subproblem is feasible at each iterate point, and need not to consider the penalty
parameter. In the end, under mild conditions, its global convergence and local superlinear
convergence are obtained.

This paper is organized as follows. In Sect. 2, we review some definitions and preliminary
results that will be used in the latter sections. Section 3 introduces the algorithm. The global
convergence theory for the method is presented in Sect. 4. In Sect. 5, we study the local
superlinear convergence of the proposed algorithm. Some numerical examples are given in
the last section.

The symbols we use in this paper are standard. For convenience, we list some of them as
follows:

(1) 0rd) =Hm(f (& +2d) = F)/;
2) g/ (x) is Frechet derivative of g at x;
() lxlloo = max{lx;l, j=1,2,---,n}
@ I={1,2,---,m}.

2 Preliminaries

In this section, we recall some definitions and preliminary results about the filter algorithm,
which will be use in the sequent analysis.
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2.1 Signs and lemmas

Define function ®(x), WV (x) by

@ (x) = max{0, g;j(x) : j € I} 3)
W(x) = max{g;(x) : j € 1) “
For Vx,d € R", let U*(x; d) be the first order approximation to W (x + d), namely
W*(x; d) = max{g;(x) + Vg;(x)d : j e I} ©)
For Vo > 0, function W (x, o), \Ilo(x, o) : R" x RT — R are defined as follows:
Y(x,0) =min{¥*(x;d) : |d|| <o} (6)
Wo(x, 0) = max{W¥(x,0),0} ©)

Remark (6) equals to the following linear programming:

LP(x,0): min{z: gj(x)+Vg;0)'d<z jel |d|=<o} ®)
Denote
O(x,0)=V(x,0)— ¥(x) 9)
0%x,0) = VO (x,0) — W(x) 10)
F={x:g;x)<0 jel}={x:¥(x) <0} (1D
FC={x:¥(x) >0} (12)

Definition 1 [3] Mangasarian-Fromotz constraint qualification (MFCQ) is said to be satis-
fied by g(x) < 0 at x if 3z € R" such that

Vgin'z <0 Vje{jellgjx) =0}
Lemma 1 [14]Vx € F€, if MFCQ is satisfied at x, then 8(x,0) <0 (Yo > 0).
Lemma 2 [14] ¥ (x, o), VO(x, o), 0(x, o), 0%(x, o) are all continuous on R" x R™T.
Lemma 3 [14] Vx € F€, if6(x,0) < 0, then 8%(x, o) < 0.

2.2 The notion of a filter

To avoid using the classical merit function with penalty term, in which the penalty parameter
is difficult to obtain, we adopt the filter technique, which is proposed by Fletcher and Leyffer
[6]. The acceptability of steps is determined by comparing the constraint violation and objec-
tive function value with previous iterates collected in a filter. The new iterate is acceptable
for the filter if either feasibility or the objective function value is sufficiently improved in
comparison to all iterates bookmarked in the current filter. The promising numerical results
lead to a growing interest in filter methods in recent years.
Define the violation function % (x) by

h(x) = llg(x) * lloo (13)
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where g(x)" = max{0, g;(x) : j € I}

It is easy to see that #(x) = O if and only if x is a feasible point. So, a trial step should
reduce either the constraint value / or the function value f. To ensure sufficient decrease of
at least one of the two criteria, we say that a point x; dominates a point x, whenever

h(x1) < h(x2) and f(x1) < f(x2) (14)

All we need to do is to remember iterates that are not dominated by any other iterates
using a structure called a filter. A filter is a list F of pairs of the form (k;, f;) such that either

h(xi) < h(xj) or f(x;) < f(x;) 15)

for i # j. We thus aim to accept a new iterate x; only if it is not dominated by any other
iterates in the filter.

In practical computation, we do not wish to accept x; + dy if its (h, f)-pair is arbitrarily
close to that of x; or that of a point already in the filter. Thus we set a small “margin” around
the border of the dominate point of the (%, f) space in which we shall also reject trial points.
Formally, we say that a point x is acceptable for the filter if and only if

hx) = (I =y)hj or f(x) = fj—vh; (16)

forall (h;, f;) € F, where y is close to zero. So, there is negligible difference in practice
between (16) and (15). As the algorithm progresses, we may want to add a (&, f)-pair to the
filter. If x; + dj is acceptable for F, then x;41 = x; + di, and

Diy1 ={(hj, f)lhj = hg and f; —yhj > fi —vhe, Y(hj, fj) € F}
Filter set is update as the following rule
Fi1) Fisr = Fi [ JtCurr, fir DI\ Dip amn

We also refer to this operation as “adding xj + dy to the filter”, although, strictly speaking,
it is the (h, f)-pair which is added.

We note that if a point xy is in the filter or is acceptable for the filter, then any other point
x such that

h(x) < (1 —y)h and f(x) < fi — yhi (18)

is also acceptable for the filter and xy.

3 Description of the algorithm
Given x € R", 0 > 0. D(x, o) is defined as the following set

D(x,0) = {d|g;j(x) + Vg;()Td < ¥(x,0), jel}

If d* is the solution of L P(x, o), the d* € D(x, o), hence D(x, o) is nonempty. The qua-
dratic subproblem (2) is replaced by the following convex programming problem

1
O(xk, Hi, o) : min V f(xp)"d + EdTde

st g () + Vej(Td < W00, o) j e Ly (19)

where Ly is the set of approximate active indices of the point x;. Clearly, by the above state-
ment, the convex programming Q (xx, Hy, o) is feasible. If H is positive definite, then the
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solution of Q(xx, Hi, ox) is unique. The convex programming problem has the following
properties:

Theorem 1 [14] Suppose that x; € R", Hy € R"™" is a symmetric positive definite matrix.
If MFCQ is satisfied at x, then

(1) The convex programming problem Q(xi, Hy, o) has a unique solution dy which
satisfies KKT conditions, i.e. there exist vectors U* = (u]; J € Li) such that

(@) g;(x) + Vg de < W00, 00) j €L,

b) ub >0 jely

(©) Vf(xx) + Hedp + ArU* =0, Ap = (Vgj(xp) j € Ly);

() uf(gj ) + Vg () di) =0 j € Ly,

(2) If dy = 0 is the solution of Q(xx, Hy, ox), then xi is a KKT point of problem (P).

Lemmad Vx € F, d € D(x,0), then V*(x;d) =0
Now, the algorithm for the solution of problem (P) can be stated as follows.

Algorithm A

Step 0: Initialization:

Given xg € R", ¥ is a compact set which consists of symmetric positive definite matrices.
Hye X, k=0,¢9g >0,0, > 07 > 0,00 € [07,0,],C > 0,n,a1,ay € (0, 1), initial filter
set Fo;

Step 1: Computation of an ‘active’ constraint set L:

Sl.1Leti =0, €x,; = €p;

S1.2 Set

Lii={jell—e; <gjlxx) — () <0}

Ari = (Vgj(xk) J € Li,i)

Ifdet(AZ’iAk,,-) > epi,let Ly = Ly, A = Ag,i, ik =1, go to step 2;

S1.3Seti =1+ 1, ¢€,; = €k,i—1/2, and go to S1.2 (inner loop A);

Step 2: Computation of the direction di: Compute ¥ (x, o), WO(x, o),let di be the solu-
tion of convex programming problem Q (xg, Hk, ox). If dy = 0, then x; is a KKT point of
problem (P). If ||dx|| > C, go to Step 4;

Step 3: Test to accept the trial step:

If xx + dy is not acceptable for the filter.

If by > |\di|l{n, a1 ldi||*?}, call Restoration Algorithm (Algorithm B) to obtain x; =
X + sy, and go to Step 2. Otherwise go to Step 4.

If x; + dy is acceptable for the filter, let x;+1 = x; + dy and add xj4 to the filter, go to
Step 8;

Step 4: Computation of the direction gy:

Let A,1< be the matrix whose rows are | L | linearly independent rows of Ay, and A% be the

A2

Al
matrix whose rows are the remaining n — | Ly | rows of Ax. We might denote Ay = ( k ) .
k

V f1(xi)
V fa(xi)

ok ==V de, m=—(AH7"Vfi(w),

—oe((AD™HTe
1+ 2] my

Like Ay, we might as well let V f'(xz) = ( ) . Compute

di = . qr = pr(di +dy) (20)
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where dy = g" ,e=(1,1,---, DT e R,

Step S: ax0=1,1=0;

Step 6: If x; + ok gk is not acceptable for the filter, the go to Step 7. Otherwise let
ok = 1, Xk+1 = Xk + kg and add x4 to the filter, go to Step 8;

Step 7: o 141 = ax1/2,1 =1+ 1, go to Step 6 (inner loop B);

Step 8: Update:

Choose Hit+1 € X, 0k+1 € Lo, 00),k = k + 1. If hy > ||dk|l{n, a1]ldi||**}, call Res-
toration Algorithm (Algorithm B) to obtain x; = x; + s;, and go to Step 2. Or else, go to
Step 1.

Remark (1) Hyy1 can be obtained by iterative formula.

(2) Whether in Zhou’s or in Zhang’s algorithm, the penalty function is needed. In this
paper, the penalty function is substituted by filter, which avoid the penalty parameter esti-
mate. Practical experience shows that they exhibit a certain degree of nonmonotonicity which
can be beneficial.

(3) When the solution of (19) is unacceptable, it generates a revised direction by solving
a system of linear equation, which takes full advantage of good property of d.

If hy > |dill{n, o1 ||di ||*?}, we give the restoration algorithm (Algorithm B) to compute
the x] such that 2(x;) < nmin{h}, al|di]|’}, where 2 < 6 < 3,h} = min{h;|h; > 0,
(hi, fi) € F}.

In a restoration algorithm, it is therefore desired to decrease the value of /(x). The direct
way is utilized Newton method or the similar ways to attack g(x + s)™ = 0. We now give
the restoration algorithm.

Algorithm B
Step 1: Let x0 = x, AV =0y, j = 0,7,77 € (0,1),2 < 6 < 3;
Step 2: If h(x{) < n{h!, a1]ldi ||}, then let x] = x] and stop;
Step 3: Compute
min h(x}) — (g} + Ald)*lloo
st lldill < Af @
h() —h(x] +d)
RGO = g+ A Tl .
Step 4: If r{ < 7, then let x,ﬁ“ = xi, A,JCJrl = 1A, j = j+ 1 and go to step 3.

Otherwise, let x,{H = x,{ + s,{, Ai“ = 2A]{, get A,{H, Jj = Jj+ 1and go to step 2.

to get s]f. Let r]i =

The above restoration algorithm is a Newton method for g(x)™ = 0. This method is
utilized frequently [10]. Of course, there are other restoration algorithms, such as interior
point restoration algorithm, SLP restoration algorithm and so on.

4 Global convergence of algorithm

In the sequential analysis, we always assume that following conditions hold.
Assumptions

A1l The objective function f and the constraint functions g; (j € I) are twice continu-
ously differentiable.
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A2 For any x € R", the vectors {Vg;(x), j € I(x)} are linearly independent, where
1) = {j € I1g;(x) = D).

A3 The iterate {x;} remain in a closed, bounded convex subsets S C R". _

A4 When solving (21), we have h(x]) — ||(g(x]) + A{d) || = Bmin{h(x}), A]} where
B > 0 is a constant.

A5 There exist two constants 0 < a < b such that a||d||?> < d7 Hyd < b||d||?, for all k,
foralld € R".

(A1) and (A3) are the standard assumptions. (A2) is necessary for the following Lemma
5. (A4) is the sufficient reduction condition and it is every moderate.

Without loss of generality, we may assume that there exists M > 0 such that ||x;|| < M.
From Theorem 1, we also can assume that |UX|| < M. A important consequence of the
assumption Al and A3 is that they together directly ensure that for all k, it holds

0 <hp <hmax and  fuin < fk (22)

for some constants fmin, fmax > 0. Thus the part of the (h, f) space in which the (&, f)-pairs
associated with the filter iterates lie is restricted to the rectangle

Ao = [0, Amax] X [ fiin, 0] (23)

Before we show the global convergence of Algorithm A, we must to ensure the algorithm
is implementable.

Lemma 5 For any iterate k, the index iy defined in step 1 is finite, which means that the
inner loop A terminates in finite number of times.

Proof Suppose by a contradiction that Algorithm A will run infinitely between Step 1.2 and
Step 1.3, so we have

1
det(Af ;Ar,i) < 27€0 (24)

By the definition of L ;, we can see that Ly ;41 € Lk ;. And there are only finite possible
subsets of 7, so we have Ly ;1 = L ; for large enough i. We denote it by L}, now letting
i — 00, then we obtain

det(A{:AL;) =0 and L} =1 (xz) (25)
which contradicts the Assumption A2. O
Lemma 6 Ifd; # 0, then it holds
T T e
Vi)' di <0, Vi) g < 5Pk < 0

oi

Ve ) d, =0, Vo) gp < ———F
g](xk) k gj(xk) qk = 1+2|6T7'[k| <

(26)
Proof We can see I (xx) € Ly by the definition of L. If di # 0, then by (19), we have
T L7
Vf(xk) di < _Edk Hid,y <0

If x; is not a feasible point, we have Vg ; (x)Tdp < 0. If xy, is a feasible point, then by the
definition of 7 (x;) and Lemma 1, we have Vg; ) Tdy <0 j € I(xg).
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In addition, from (20), we obtain

Vi) g = oV F ) i+ di)
= ok (V) d + V£ dy)
= pr(—pr + V fi(x) " di)

T
iy €
pk( Pt 1+2|eT71k|)

1,
< -2t <0 @7)
Moreover,
_ - —pADT(AD T e pre
Aldy =AD" dy = bt = :
1+ 2le! my | 1+ 2le! my |
T T T3 Pl%
Vgixi) qr = pe(Vgj(xi) dp +Vgj(xk) di) < T2 <0 jel(x)
The claim holds. O

Lemma 7 The inner loop B terminates in finite number of times.

Proof By contradiction, if the conclusion is false, then the Algorithm A will run infinitely
between Step 6 and Step 7, so we have

a; — 0 (I = o0)

and x; + o ;g is not acceptable for the filter, we consider it in the following two cases:

Casel h(x;) =0:
By the definition of /(xx), we have

h(xx + g qr) = max{0, g; (xx + ok 1qx)}
= max{0, g; (xx) + ok Ve (i) qr + o(llok1qx 1)} (28)

From Lemma 6, we have Vg; (xk)qu < 0. Together with o ; — 0, we obtain that there
must exist a constant 8, such that

A
h(xx + oriqr) < max{0, Bg;(xx)} = Bh(xk) = (1 — y)h(xk) (29)
Moreover, by Lemma 6, Vf(xk)qu < —%p,% < 0. Then

Ok +ariqr) = £ + VD) g+ Olakigell®) < f () (30)

With (29) and (30), we conclude that x; + o ;gx must be acceptable for the filter and x4,
which is a contradiction.

Case2 h(xy) #0
Similar to Case 1, we can also get the relation

h(xk + awqi) < (1 — y)h(xg) 3D
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Since xi is acceptable for the filter, we have
he <A —=y)hj or fi < fj—vyhj Y(hj, fj))eF (32)
By the assumption, x; 4 o gk is not acceptable for the filter, so we have
h(xg +oraqe) > (1 —y)h; (33)
and
J Ok +arq) > fi —vh; (34)
for the point x, if it holds that 2y < (1 — y)h, then by Lemma 6 and oz ; — O,
h(xg + agiqr) = max{0, g; (xx + ar,iqi)}
< max{0, g;(xx)} < hp < (1 —y)h; (35)

which contradicts (33).
If it holds fx < fj — yhj, then, also by Lemma 6 and o ; — 0, we get

Ok +oriqr) = fF) + Ve g+ Olakigel® < fe < fj —vh;  (36)

which contradicts (34).

Based on the above analysis, together with Case 1, we can see that the claim holds.
Lemma 7 means that there exists a constant @ > 0, such that o > & for large enough k.
O

Lemma 8 The Restoration Algorithm B terminates in a finite number of iteration.

Proof 1t is similar to Lemma 1 in [10].
By the above statement, we see that Algorithm A is implementable. Now, we turn to prove
the global convergence of Algorithm A. O

Theorem 2 [14]: Assume that the MFCQ is satisfied at xo € R". Let o > 0 and F =
{x|g(x) < 0}, then there exists a neighbor N (x¢) of xo such that

(1) the MFCQ is satisfied at any point in N (xg);
(2) ifxo € F, then Wx, o) = 0 forall x € N(xo) and o > oy;
(3) ifxo € F, then

m
sup Zuj cHe X, xe N(xg),o €loj,o,] <0
j=l1

where ¥ C R"™™" is a compact set which consists of symmetric positive definite matrices and
0<o <oy

Lemma 9 Suppose that infinite points are added to the filter, then . lini P hy = 0, where
—00,ke

K is an infinite set.
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Proof 1If the lemma were not true, there would have an infinite subsequence K, such that
for Vk € K1,

hy>€>0

At each iteration k, (hy, fi) is added to the filter. By (17), we can deduce that (h, f)-pair be
added to the filter at a large stage within the square

[hx — ve, il x [fx — ve, fil

even if (g, fx) is later removed from the filter. Now observe these squares whose area are
all yzez. As a consequence, the set [0, iymax] X [ fmin, 0] N {(h, )| f <k} is completely
covered by at most finite number of such squares, for any choice of xy > fn. Since
(hk, fx)(k € K1) keep on being added to the filter, this implies that f; tends to infinite when
k tends to infinite. Without loss of generality, we can that fi4+1 > fk, for k large enough.
Then,

hiy1r < (1 —y)hg < hg — ye

Therefore, h; — 0(k — o0), which is a contradiction. The conclusion follows. O

Theorem 3 Suppose the Algorithm A is applied to problem (P), and the Assumption A1-A4
hold. Let {x}} be the sequence of iterates produced by the algorithm. Then there are two
following possible cases:

(A) The iteration terminates at a KKT point;
(B) Any accumulation point of {xy} is a KKT point of problem (P).

Proof (A) It is evident according to the algorithm and Lemma 9 and Theorem 2.

(B) By the construction of Algorithm A, there are two cycles between Step 1 and Step 8,
one generates the sequence {x;} with the form xz41 = xx + di, the other generates it with
the form x;1 = x; + akqr. We prove that the claim according to the two cycles. d

Case 1 Suppose there are infinite points gotten by the relation x;+1 = xx + di, by Assump-
tion A3, there must exists a point x* such that x; — x*(k € K), where K is a infinite
index set. Also, by Lemma 9, h(xx) — 0, (k € K), that means x* is feasible point and
WO(x, 01) = 0, (k € K). Suppose x* is not a KKT point, let K| = {k € K|Vf(xk)Tdk >
—Yal Hedyy c K.

(i) K is an infinite index set.
If lim ||dk| = 0, then it is easy to see that x* is a KKT point. It is a contradiction.
keK|,k— o0

So, without loss of generality, we suppose that ||di|| > € for k € K.
By h(xx) — 0 (k € K) and Assumption A5, we can assume Jko, for k > ko, k € K, it
holds

2 2 T
b < 96 < AT ik
2M 2M 2M
While by KKT condition of the problem (2) and Theorem 1, we have V f(xx) + Hrdx +
AU =0, Ap = (Vgj(xx), j € Li). Together with (37), we obtain that forallk € Ky, k >
ko, it holds

(37)
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Vo) dy = —dl Hydy — df A U*
—d{ Hidi — (UM g(xp)
—d Hedy + [U* [looh (x0)
Mh(xy) — d{l Hydy

IA I

IA

IA

1
—id{ Hidy (38)

which contradicts the definition of K.
(i) K is a finite index set.
That means it holds Vf(xk)Tdk < —%dkT Hydy, for large enough k.
We have

1
Fo) = fgn) = =V de + OUdel*) = =V f ) de > ~dff Hidy > gudknz

Because f is bounded below, for some integer ig, we have

o0 oo
a
00 > xp) — f (1) = —|ldlI?
g%(f( ) — f(kt1)) g%zu I
Then

o0

D ldell* < 400

k=i

That means ||di|| — 0. Hence x* is a KKT point.

Case 2 Suppose there are infinite points gotten from the relation xz4+1 = x; + o qr:

Suppose also by contradiction that ||dk|| > €, k € K.ByLemma 3, wehave oy > o > 0.
Without loss of generality, we can assume that gy — ¢*. Since ||dk|| > e, it easy to see that
Vf(x*)Tg* < 0. By Lemma 2, then

0 = lim(f (xg+1) — f(xx))
keK
= lim (e V £ (x0) " qr + O (llekqic 1))
keK
< li v r
< kIEHI}(Otk S )" aqr)
<avfTg* <0 (39)
which is a contradiction.

Combined Case 1 and Case 2, we can see that the claim holds. O

5 Superlinear convergence of algorithm

In order to study the superlinear convergent property, we need some stronger regularity
assumptions.

Assumptions

Bl1: H, — H* ask — oo.

B2: The second-order sufficiently conditions are satisfied at the KKT point x* and the
corresponding multiplier vector 1*, i.e.
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dTV2 L(x*,2%)d > 0, Vd € {d|Vg;(x*)Td =0, j e I(x*)}

where L(x, 1) = f(x) + Zl rjgi(x), I(x*) = {jlg;(x*) =0}
j:

B3: At x*, strict complementarity slackness and linear independence of the gradients of
the active constraints hold.

B4: Matrices Hy, k = 1,2, ... are symmetric positive definite and satisfy the following
condition

. I(Hg — V2, L(x*, 2)d||
lim =
k=00 (|l

0

Lemma 10 [13] Sequence {x;} converges to the solution x* of problem (P).

From Theorem 3 and Lemma 9, we know that ||di|| — 0. So, it is natural that ||dj]|
satisfies ||di|| < oy for k sufficiently large. Lemma 8 implies that WO(xt, 0%) = 0 when
k is large enough. So the sequence Q (x, H, ok) is equivalent to the following quadratic
programming subproblem when £ is sufficiently large.

1
min V f (x) 7 d + 5dTHkaz
sit. gi() +Vegi(xnTd <0 jelyg (40)
Lemma 11 [t holds, for k — oo, that
Li=1x") =1, di— 0, s — Q% jel), UF—
where (dy, M) is the KKT pair of the above quadratic programming subproblem.

Proof By the statements above and Lemma 9, H;y — H*, it holds that d;y — 0 as k — oo.
According to Lemma 5 and x; — x*, it follows that I, C L = L.
First, we prove that

—> (A5, jel)
Since x* is a KKT point of problem (P), we have
Vix*) 4+ AL] =0, A7 >0, k’]f =0jel\L
where A7 = ()Lj, jeL), A, =(Vg;(x*), jel).
From Lemma 5 and x; — x*, it following that
AIA* is nonsingular, and (A,{Ak)_1 — (AIA*)_l
Sort = —(ATA)TTATV £ (x*)
Moreover, by KKT condition of problem (2), we have
V f(xk) + Hidi + Akrk =0

Hence, Ax = —(AT A) TAT(V f () + Hidy) —> —(ATA)TTATV F (%) = A%

While, it is easy to see that UF — A*.

Second, we prove that L C I,.

For jo ¢ L, if jo ¢ I, by contradiction, there must be a constant £y > 0 such that
gjo(x*) < —&p < 0. Again, since g;,(x) is continuously differentiable, and dy — 0 (k —
00), we have for k large enough

2o (") + VgjoxHTd < -5 <0
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which means jo ¢ L, contradicts the above assumption. Hence L = Ly = I,. O

Lemma 12 Suppose Assumption A1-AS, B1-B4 hold, then xi1 = xi + d for k sufficiently
large.

Proof Suppose xy is acceptable for the filter, we will show that for k sufficiently large, xx +di
is acceptable for the filter.

From Lemma 9 and Lemma 11, we know that dy — 0, hy — 0 as k — oo. Also, by the
construction of Algorithm A, we have h(x; + di) = o(||dk I1%). So, we just need to show that
Sk +di) < fx) + yh(xg). Letsg = f(x +di) — f(xx) — yh(xi), we have

_ T I ren 2
sp =V flxx) di + de V= f(x)di + o(lldi|I7)

While by the KKT condition of the problem (2) and 4y — 0, we have

m
Ve de = —d] Hede — > ukVg;(x0) d
Jj=1

. . T 1 T2, . _ 2
8j (k) + Vg ()" di + Sdi Vg (xi)di = olldk ")

Then it holds

m
1
Sk = —di Hidi + 3 ugj (i) + S di V2L (v, Uk + ol )
Jj=1

1 a 1
— 2 Hidic+ w52 () + Sdf (VL UY) = Hodic+ o(lde ) (41)
j=1

According to ulj‘ — )\’; >0, gj(xk) — g;(x*) <0, j € I, and Assumption A5, we have

a 1

se = =S Il + Sd¢ (Vi L, U = V3 LG, A7)k
1 T (o2 g kY 2
+2dk (Vi L(x™, A%) — Hi)dy + o(|ldk|17) 42)
Since x; — x*, U¥ — A* and Assumption A3, then
df (Vi L(xe, UY) = VI LG*, A)di = o([ldi 1)
Assumption B4 implies that
df (VI L(x*,2*) — H)di = o(ldi|»)
Therefore, when k is sufficiently large, it holds
a
s = =5 Il + oCldll) <0

Hence, for all k large enough, x; + dy is acceptable for the filter.
In view of Lemma 12 and the way of Theorem 5.2 in [5], it is easy to get the convergence
theorem as follows. O

Theorem 4 Under all stated assumptions, the algorithm is superlinear convergent, i.e. the
sequence {xi} generated by the algorithm satisfies || xx+1 — x*|| = o(|lxx — x™*|)).
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6 Numerical experiments

In this section, we give some numerical experiments to show the success of proposed method.
(1) Updating of Hy is done by

H if skTykSO

Hip1 = y{ve  Hises{ H (43)

H; + ifskTyk>O

ykT Sk skT Hj sy

(2) The stop criteria is ||dx || sufficiently small.

(3) If an equality constraint #(x) = 0 exists in the original problem, it is most easily
handle as two corresponding inequalities 4#(x) < 0 and h(x) > 0, and we can apply the
above algorithm.

(4) The algorithm parameters were set as follows: o7 = 1,0, =2,y = 0.1, Hy =1 €
R" " The program is written in Matlab.

Example 1
in £ =1 -+ + Leos?(r)
min f(x) =x 3 2cos X
s.t. x>0
x0=2,x"=0, f(x*) =0, iterate = 2.
Example 2

min f(x):xlz—l—x%—l—x%—i—xf

s, 6—xf —x3 —x3—x3<0

x0 = (2,2,2,2)7, x* = (1.2247, 1.2247, 1.2247,1.2247)7, f(x*) = 6, iterate = 5.

Example 3

3
min f(x) = Z:xizxiz_H + X1x4

i=1

4
s.t. 4 — Zx,- <0
i=1
4
1=>(=D*'x <0
i=1

x0=(2.5,1.5,0,0)7, x* = (1.2400, 0.7533, 1.2600, 0.7467)T, f(x*) = 3.5844, iterate = 6.

Example 4

. 4 2 2.3
min f(x) = g(xl —X1x2 +x3)% —x3
s.t. x >0

x3 <2

xo0 = (0,0.25, 007, x* = (0,0,2)7, f(x*) = —2, iterate = 7.
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Comparing with the results in [13] and [14], the computation in this paper is less than that

method in [13] and [14]. So, the algorithm is effective.
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